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Computational complexity and fluid dynamics

In nature, fluids (like water or lava) often rebel against…what it is expected



Fluid computers?

Are fluids “complicated enough” to perform computations?



Levels of complexity and Alan Turing

Can fluids simulate any Turing machine?



Ask the experts!





What does Turing have to do with the rubber ducks?

• The method OSCURS used by  
Ingraham and Ebbesmeyer could 
not localise all the lost rubber 
ducks.

• Only a 2%  of the messages in 
bottles are recovered. 

• What if finding the rubber ducks 
is an undecidable problem?

• Can we associate a Turing 
machine or supercomputer to the 
trajectories of the rubber ducks?



Reality or science 
fiction?

The novel Solaris written by Stanisław 
Lem (1961), presents a thinking sea:

 [...] ``For some time there was a widely 
held notion (zealously fostered by the 
daily press) to the effect that the 'thinking 
ocean' of Solaris was a gigantic brain, 
prodigiously well-developed and several 
million years in advance of our own 
civilization, a sort of 'cosmic yogi', a sage, 
a symbol of omniscience, which had long 
ago understood the vanity of all action 
and for this reason had retreated into an 
unbreakable silence.”



Let’s talk about Chaos!



“Chaos: When the present 
determines the future, but the 
approximate present does not 
approximately determine the future”. 

                             
Edward Lorenz



An example of the Butterfly effect….



The system is chaotic for ρ= 28 but 
exhibits periodic orbits for other 
values of ρ.

Fetter, Hamilton and Lorenz



The Cantor set



Moore, a new form of chaos

Moore generalized the notion of shift in dynamical systems and was able to 

simulate any Turing machine (generalized shifts). They are conjugated to 

maps of the square Cantor set. 

 





Turing machines…

A Turing machine is a "printer" of states on a long tape. When 

it reaches the "halting" state, the machine stops.





Turing machines…

If δ(q, 0) = (q′, 1, +1), we replace 0 by 1, the new state is q’ and we shift the tape to the left 



Turing machines and Conway’s game...

John von Neumann: every Turing machine has a cellular 

automaton which simulates it.



Square Cantor set and Turing machines

Each configuration of a Turing 

machine can be associated to a 

point in the square Cantor set.



Key point in Moore’s construction

Any universal Turing machine is associated to transformations of 

the square Cantor set (a dynamical system).





Turing machines associated to dynamical 
systems

A vector field is said to be Turing complete if it can simulate any 

Turing machine. In other words, the halting of any Turing machine 

with a certain input is equivalent to a certain trajectory of the field 

entering a certain open set in M.



Turing machines associated to dynamical 
systems









A million dollars for a correct answer



Navier-Stokes problem
Existence of smooth solutions

The Navier-Stokes equations model the motion of an incompressible and 

viscous fluid.

The inviscid case corresponds to the Euler equations.



Navier-Stokes in a nutshell
Quick formulation of the problem

The problem is to determine whether all initial conditions - starting 

configurations of the fluid - give rise to smooth solutions that evolve 

indefinitely, or whether, in certain circumstances, solutions 

degenerate and "blow up" after a certain time. This explosion 

corresponds to the appearance of singularities, regions of space 

where the energy of the fluid becomes concentrated to the point of 

becoming infinite.



The Navier-Stokes regularity problem
Formulation of the problem



The Navier-Stokes regularity problem
Formulation of the problem



The Navier-Stokes regularity problem
Formulation of the problem



From dimension 2 to 3

The  2-dimensional case was solved by Olga Ladyzhenskaya in 1958. 

The 3-dimensional case is still open.



Tao’s approach… 

“One could hope to design logic gates entirely out of ideal fluid. If these gates were 

sufficiently “Turing complete”, and also “noise-tolerant” one could then hope to combine 

enough of these gates together to “program” a self-replicating von Neumann machine” 

                                                                                                                      Tao, JAMS 2016. 

Tao’s dream: To create an initial entry programmed to evolve as a rescaled version of itself 

(like a Von Neumann self-replicating machine). Can this idea be applied to achieve a blow-up 

in the Navier-Stokes equations?



“A Fluid computer”



From the friendly floatees to the Fluid Computer

• 1991, Moore: Is hydrodynamics capable of performing computations?

• January 10, 1992: 29000 rubber ducks are lost in the ocean.

• July 2007: A rubber duck shows up in Scotland.

• December 2020: (Cardona-M.-Peralta-Presas, PNAS 2021) There exist 
stationary Euler flows in dimension 3 which are Turing complete, i.e., they can 
simulate any Turing machine (Fluid computer).



Our construction

• Present Moore’s transformation 
as a Poincaré section of a 
trajectory of a 3-dimensional 
vector field. First extend mapping 
to smooth mapping of the disk.

Logical chaos from 2D to 3D

This vector field has a special 
geometric features “Reeb". 
What is the relation to Euler 
equations? And to Navier-
Stokes?







Contact geometry explains why it is difficult to park a car





Hopf fields as Reeb and Beltrami fields



Geometry of Fluids









Constructing the Fluid Computer
From Moore to 3D

Moore: There is a block transformation of the 

Cantor square set onto itself that sends the red 

point on the left to the one on the right.

CMPP: Using this idea, one can construct a flow 

on a solid torus (below) in such a way that every 

time a particle passes through a transversal, it 

follows this block transformation.

This particle follows the trajectory of a Reeb field, 

and through the mirror, one can associate it with a 

solution of the Euler equation (fluid). 







Conclusions

• Our result is enigmatic: For some systems, it is not possible to 

decide if particles will reach certain regions in space, no matter how 

potent the computational problem is. In other words, the problem is 

not computable.

•  Our construction only works when the fluid does not have 

viscosity.

• A theorem in Computer Science by Olivier Bournez, Daniel Graça 

and Emmanuel Hainry show that it is not possible to construct 

Turing complete systems with finite energy which are robust by 

perturbations. In other words, adding viscosity to the system can 

destruct the computational power.

Can such techniques be applied to Navier-Stokes?



Can we do this better?

In our construction which uses the mirror the Euler equations depend strongly 

on the metric which is not the Euclidean metric inside a small solid torus on the 

3-sphere. Can we choose an Euclidean metric everywhere? 











New ideas
Reflecting the stars on the sea…

Arnold’s dream of establishing a

connection between the 

dynamical complexity of 

celestial mechanics 

and of stationary solutions of 

hydrodynamics:   

“Car les écoulements avec 

curl v = λ v admettent, 

probablement, des lignes de 

courant avec une topologie 

aussi compliquée que celle des 

orbites en  mécanique céleste.”



New ideas
Fluid computers à la Feynman



Thank you!

Merci!
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