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The trip of the friendly floatees

SUIALLLA et el
D C. Costa - www.oceanships.de

@ January 10, 1992: The carrier Ever Laurel departed from Hong-Kong
with destination Tacoma. The carrier lost the cargo during a storm

including 29000 rubber ducks.
@ November 16, 1992: 10 Rubber ducks appeared in Sitka, Alaska.

@ July 2007: 0One rubber duck show ups in Scotland. Though many more
were expected.

MOBY-DUCK —
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Donaovan Hohn

' I ' hey were toys destined only to bob up and down in nothing
- ,.-.---‘-;,;_'_': = bigger than a child's bath - but so far they have floated halfway
e e g
-, around the world.

The armada of 29,000 plastic yellow ducks, blue rurtles and green frogs




What did we learn from the 29000 ducks?

@ Curtis Ebbesmeyer studies ocean currents by tracking the movement of
drifting things-from icebergs to message bottles.
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@ Using OSCURS (Ocean Surface Currents Simulation), a computer simulator
developed by Seattle oceanographer Jim Ingraham, Ebbesmeyer tracked the
oceanic movement of all kinds of flotsam.

@ Thanks to the friendly floatees predictions about currents could be made.

@ Only 2% of the messages on a bottle are recovered.




Computational complexity and fluid dynamics
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Turing machines and the halting problem

In computability theory, the halting problem is the problem of determining, from a
description of an arbitrary computer program and an input, whether the program
will finish running (halting state), or continue to run forever.

Turing, 1936: The halting problem is undecidable.

Alan Turing proved in 1936 that a general algorithm to solve
the halting problem for all possible program-input pairs
cannot exist.




What does Turing have to do with the rubber ducks?
AThe method OSCURS used by =« i llULLULLI

not localise all the lost bber SO 101111011
ducks. ]

AOnIy a 2% of the messages In
bottles are recovered.

AWnat if finding the rubber ducks
IS an undecidable problem?

Acan we associate a Turing
machine or supercomputer to the
trajectories of the rubber ducks?
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Reality or science
fiction?

The novel Solaris written by St a n |
Lem (1961), presents a thinking sea:

[...] For some time there was a widely
held notion (zealously fostered by the
daily press) to the effect that the 'thinking
ocean' of Solaris was a gigantic brain,
prodigiously well-developed and several

million years In advance of our own
civilization, a sort of ‘cosmic yogl', a sage, #

a symbol of omniscience, which had long
ago understood the vanity of all action
and for this reason had retreated into an
unbreakable silence.o
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Fetter, Hamilton and Lorenz

The system Is Chaoic for 1= 28 but
exhibits periodic orbits for other
values of |.






Moore, a new form of chaos

Science: Mathematician discovers a
more complex form of chaos

QO0OHOOCO

30 June 1990
By William Bown

Chaotic transformation. by repeatedly dividing a square into eight
segments and transforming each segment separately, a scrambled mess
1s created which is utterly unpredictable

Moore generalized the notion of shift in dynamical systems and was able to
simulate any Turing machine (generalized shifts). They are conjugated to
maps of the square Cantor set.



A symbolic dynamics tool: generalized shifts

Generalized shifts

Let A be an alphabet. A generalized shift ¢ : A% — A% is specified by two maps
F and G. Denote by Dp = {i,...,i+r—1} and Dg = {7,...,7 + £ — 1} the sets
of positions on which F' and G depend. The function G modifies the sequence
only at the positions indicated by Dg:

G:A" — A
(8j.-8j4t—1) —> (858744 1)
On the other hand, the function F' assigns to the finite subsequence

(85, ...y Si1r—1) Of the infinite sequence S € A% an integer F : A" — Z. ¢ is
defined as:

o Compute F'(S) and G(S).

o Modify S changing the positions in Dg by the function G(S), obtaining a
new sequence S’.

o Shift S’ by F'(S) positions.




A Turing machine 1s a "printer" of states on a long tape. When
It reaches the "halting" state, the machine stops.



Turing machines

Turing machine

A Turing machine is defined as T' = (Q, qo, qhait, 22, 0), Where @ is a finite set of states,
including an initial state qo and a halting state gnqi¢, 2 is the alphabet, and
d:(Q xX)— (Q xXx{-1,0,1}) is the transition function. The input of a Turing
machine is the current state ¢ € Q and the current tape t = (tn)nez € »Z

User’s guide: If the current state is gpqi¢ then
halt the algorithm and return t as output.
Otherwise compute §(q,to) = (¢, to,€), replace
g with ¢’, to with t; and t by the e-shifted tape.




=1()0qg we replace 0 by

go tostate S5

1701700101 1
.




Turi ng machines and Co
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Conway’ S Game f Life

7 G lemg cells die if they have 2. LlVlﬂg cells die if they have \5:“““ Sl f \
fewer than 2 neighbors more than 3 neighbors _ I V0 M il 7 5772225 X
. ' 3 TN \
(underpopulation/loneliness) (overpopulation) i = Oy st O e }1\
4 : \
!‘ - v‘
EEEEN i NN FEEEN 13 % e L AL 1
H EEN O ] H N H AN i e otgere oty il
T EENNN EE_EE =) EEEEE 85 o o
EREER EEESE H N AN -;y‘\ 3 b
L L] EEEEN L L L] BN i M
3. Dead cells that have 3 neighbors 4. Otherwise, there is no change \ |
become alive (whether cell is alive or dead)
(reproduction)
T YN 0 Ry
BN BN a u BN BN
i HE EER HEE EE EE BN

T T ey cnmm— —— Sor——

John von Neumann: every Turing machine has a cellular
automaton which simulates It.



Sguare Cantor set and Turing machines

d=(d,d,d,..)=(10,0..).

Each configuration of a Turing
machine can be associlated to a
point In the square Cantor set.



Any universal Turing machine Is associated to transformations of
the square Cantor set (a dynamical system).



Moore's theory

Moore's fundamental lemma (1991)

Given a reversible Turing machine there is a bijective map ¢ of the square Cantor
set (a generalized shift) that is conjugated to it. This map is the restriction to the
square Cantor set of a piecewise linear map which consists of finitely many
area-preserving linear components defined on blocks.

Figure: On A and B this basically acts as a translation of the baker’'s map, and on C and
D this 1s simply a vertical translation




Turing machines assoclated to dynamical
systems

Figure: Turing machine and Turing complete vector field associated to a point and an
open set.

A vector field Is said to be Turing complete if It can simulate any
Turing machine. In other words, the halting of any Turing machine

with a certain input Is equivalent to a certain trajectory of the field
entering a certain open set in M.



Turing machines assoclated to dynamical

P —— . . .
A vector field simulating a Turing machine

Let T be a Turing machine. A vector field X on R? simulates T if: for any
integer k > 0, an input tape t, and a finite output string (t*,, ..., t;), there exist
a computable point p € R3 and a computable open set U C R3 such that the
(forward)-orbit of X through p intersects U if and only if T halts with an output
tape whose positions —k, ..., k correspond to the symbols t* ..., t].

If T, is a universal Turing machine (i.e., a Turing machine that can simulate any
other Turing machine), then any vector field that simulates T,, is called Turing
complete.

Undecidability

Since the halting problem is undecidable, a Turing complete vector field X exhibits
undecidable trajectories: no general algorithm to check whether the trajectories of
X starting at certain initial points will intersect a certain open set (certain =
computable).




Computation with stationary fluids

An inviscid and incompressible fluid flow in equilibrium on a Riemannian manifold
(M, g) (of dimension 3) is described by the stationary Euler equations:

VxX =—-VP, divX =0

@ X is the velocity field of the fluid: a vector field on M.

@ P is the hydrodynamic pressure of the fluid: a scalar function on M.

Objective

We want to construct a stationary solution of the Euler equations whose velocity
field X is Turing complete: any computer algorithm can be simulated using the
orbits of X (the fluid particle paths).

—> to this end, we shall use the most flexible class of steady Euler flows: the
Beltrami fields.




Incompressible fluids on Riemannian manifolds

Classical Euler equations on R? :

ot

{ X L (X V)X = VP
divX =0

The evolution of an inviscid and incompressible fluid flow on a Riemannian
n-dimensional manifold (M, g) is described by the Euler equations:

0X
ot

@ X is the velocity field of the fluid: a non-autonomous vector field on M.
@ P is the inner pressure of the fluid: a time-dependent scalar function on M.

FVxX =-VP, divX =0




Incompressible fluids on Riemannian manifolds

If X does not depend on time, it is a steady or stationary Euler flow: it models a
fluid flow in equilibrium. The equations can be written as:

VxX =-VP, divX =0,

< 1xda = —dB, dixp =0, a-) = g(X,")
where B := P + || X||? is the Bernoulli function.

Beltrami fields:
curl X = fX, with f € C°(M) div X = 0.

Example (Hopf fields on S° and ABC fields on 7°)
@ The Hopf fields u; = (—y,z,&,—2) and us = (—y,x, =&, z) are Beltrami
fields on S°.

@ The ABC flows
(z,9,2) = (Asinz + C'cosy, Bsinx + Acos z,Csiny + B cos x),
((z,y,2) € (R/27wZ)3) are Beltrami.




Millennium Problems

Yang-Mills and Mass Gap
Riemann Hypothesis
P vs NP Problem
Navier-Stokes Equation
Hodge Conjecture
Pes el S

Birch and Swinnerton-Dyer Conjecture




Navier-Stokes problem

Existence of smooth solutions

The Navier-Stokes equations model the motion of an iIncompressible and
viscous fluid.

Inertia (per volume)

Divergence of stress

ﬁ
* | = —VYp b aVov o
/)," p : | . : e N S il
. , ' i Pressure  Viscosity ~ Other
' | : gradient body
~ acceleration forces

The inviscid case corresponds to the Euler equations.



Navier-Stokes in a nutshell

Quick formulation of the problem

The problem Is to determine whether all initial conditions - starting
configurations of the fluid - give rise to smooth solutions that evolve
indefinitely, or whether, In certain circumstances, solutions
degenerate and "blow up" after a certain time. This explosion
corresponds to the appearance of singularities, regions of space
where



The Navier-Stokes regularity problem

Formulation of the problem

The Navier Stokes equations are then given by

with initial conditions
(3) u(z,0) =u’(x) (r € R"™).

Here, u°(x) is a given, C*° divergence-free vector field on R™, f;(x,t) are the com-
ponents of a given, externally applied force (e.g. gravity), v is a positive coefficient

T 62

(the viscosity), and A = Z is the Laplacian in the space variables. The Fuler

9.2
i
=1 97;

equations are equations (1), (2), (3) with v set equal to zero.




The Navier-Stokes regularity problem

Formulation of the problem

(4) 0%u° (x)| < Coarx (1 + |z|)~" on R", for any @ and K

and
(5) 020" f(z,t)| < Comr(1+ |z| +t)™® on R™ x [0,00), for any a, m, K.

We accept a solution of (1), (2), (3) as physically reasonable only if it satisfies

(6) p,u € C(R™ x [0,00))
and

(7) / lu(z,t)|?de < C forallt >0 (bounded energy).

Alternatively, to rule out problems at infinity, we may look for spatially periodic
solutions of (1), (2), (3). Thus, we assume that u°(z), f(x,t) satisfy

(8) u’(x+e;) =u’(x), flxte;t)=f(z,t) forl<j<n




The Navier-Stokes regularity problem

Formulation of the problem

(A) Existence and smoothness of Navier—Stokes solutions on R”®. Take v >
0 and n = 3. Let u®(z) be any smooth, divergence-free vector field satisfying (4).
Take f(x,t) to be identically zero. Then there exist smooth functions p(x,t), u;(z,t)
on R? x [0,00) that satisfy (1), (2), (3), (6), (7).

(C) Breakdown of Navier-Stokes solutions on R®. Take v > 0 and n = 3.
Then there exist a smooth, divergence-free vector field ©°(z) on R® and a smooth
f(z,t) on R? x [0, 00), satisfying (4), (5), for which there exist no solutions (p, u)
of (1), (2), (3), (6), (7) on R3 x [0, 00).







S

"

»t







From the friendly floatees to the Fluid Computer

THEIR .IOUIINEY SO FAR

A1991, Moore: Is hydrodynamics capable of performing computations?
AJanuary 10, 1992: 29000 rubber ducks are lost in the ocean.
AJuIy 2007: A rubber duck shows up In Scotland.

A December 2020: (Cardona-M.-Peralta-Presas, PNAS 2021) There exist
stationary Euler flows in dimension 3 which are Turing complete, i.e., they can
simulate any Turing machine (Fluid computer).



Our construction

Logical chaos from 2D to 3D

APresent Mooreds
as a Poincaré section of a
trajectory of a 3-dimensional
vector field. First extend mapping
to smooth mapping of the disk.

This vector field has a special
geometri c featu
What Is the relation to Euler
equations? And to Navier-

Stokes?
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